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In studies of radiation from partially coherent sources the so-called quasi-homogeneous (QH) model sources
have been very useful, for instance in elucidating the behavior of fields produced by thermal sources. The
analysis of the fields generated by such sources has, however, been largely carried out in the framework of
scalar wave theory. In this paper we generalize the concept of the QH source to the domain of the electromag-
netic theory, and we derive expressions for the elements of the cross-spectral density matrix, for the spectral
density, the spectral degree of coherence, the degree of polarization, and the Stokes parameters of the far field
generated by planar QH sources of uniform states of polarization. We then derive reciprocity relations analo-
gous to those familiar in connection with the QH scalar sources. We illustrate the results by determining the
properties of the far field produced by transmission of an electromagnetic beam through a system of spatial
light modulators. © 2005 Optical Society of America
OCIS codes: 030.1640, 260.2110, 260.5430.

o
1

h
t
c
t
Q
s
p
s
s
r
s
b
a
t

2
E
C
s

. INTRODUCTION
he so-called quasi-homogeneous (QH) sources (see Ref.
, Sec. 5.3.2) are important models for many partially co-
erent sources found in nature or developed in laborato-
ies. Use of such models has clarified the behavior of Lam-
ertian sources2 as well as of secondary sources that are
ncountered in scattering theory.3–7

Up to now almost all investigations concerning QH
ources and the fields that they generate have been based
n scalar wave theory. Perhaps the most important and
est-known result derived from the scalar QH model is
he van Cittert–Zernike theorem and its generalization
see Refs. 1 and 8), which give a simple expression for the
egree of coherence at a pair of points in the field propa-
ated from such a source. When applied to points in the
ar zone the generalized van Cittert–Zernike theorem ex-
resses a reciprocity between the intensity distribution
cross the source and the degree of coherence of the far
eld. There is a second less well-known reciprocity rela-
ion for fields generated by such sources that expresses
he spectral density distribution in the far zone in terms
1084-7529/05/112547-10/$15.00 © 2
f the spectral degree of coherence of the source (see Ref.
, Sec. 5.3.2).
In this paper we generalize the concept of the quasi-

omogeneous source to the domain of the electromagnetic
heory with the help of the recently introduced 2�2
ross-spectral density matrix of the electric field.9–11 We
hen show that a beam generated by an electromagnetic
H source that is uniformly polarized, i.e., that has the

ame state of polarization at each point, obeys two reci-
rocity relations analogous to those that are familiar for
calar QH sources. We also derive expressions for the
pectral degree of polarization and the spectral Stokes pa-
ameters of the far field that are generated by such
ources. We illustrate the results by plots that show the
ehavior of the far field produced by transmission of such
beam through a system involving spatial light modula-

ors.

. QUASI-HOMOGENEOUS
LECTROMAGNETIC SOURCE
onsider a fluctuating, planar, secondary electromagnetic
ource, located in the plane z=0 and radiating into the
005 Optical Society of America
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alf-space z�0. We assume that the radiated field is
eamlike, propagating close to the z axis, and that the
ource fluctuations are represented by a statistical en-
emble that is stationary, at least in the wide sense. The
econd-order correlation properties of the source may be
haracterized by the 2�2 electric cross-spectral density
atrix:9

J �0���1,�2,�� = �Wxx
�0���1,�2,�� Wxy

�0���1,�2,��

Wyx
�0���1,�2,�� Wyy

�0���1,�2,��� . �2.1�

n this formula �1 and �2 are the two-dimensional posi-
ion vectors of two points Q1 and Q2 in the source plane
see Fig. 1), � denotes the frequency, and the elements of
he W-matrix are

Wij
�0���1,�2,�� = �Ei

*��1,��Ej��2,��� �i = x,y; j = x,y�.

�2.2�

ere Ei and Ej denote the Cartesian components of a typi-

Fig. 1. Illustration of the notation.

Fig. 2. Illustration of the concept of a QH source.
al member of the statistical ensemble of the electric field

t
t
b

n two mutually orthogonal x and y directions perpendicu-
ar to the z-axis (the axis of the beam), and the angle
rackets denote the average, taken over an ensemble of
ealizations of the electric field, in the sense of coherence
heory in the space-frequency domain (Ref. 1, Sec. 4.7.1).

The electric cross-spectral density matrix representing
n electromagnetic QH source may be obtained as a
traightforward generalization of the cross-spectral den-
ity function of a scalar QH source:1,8

Wij
�0���1,�2,�� = �Si

�0�
„��1 + �2�/2,�…�Sj

�0�
„��1 + �2�/2,�…

��ij
�0���2 − �1,��,

�i = x,y; j = x,y�, �2.3�

here Si
�0��� ,��=Wii

�0��� ,� ,�� and Sj
�0��� ,��=Wjj

�0��� ,� ,��
re the spectral densities of the components Ei and Ej and

ij
�0���2−�1 ,�� represent the correlations between these
omponents.12 It is assumed that Si

�0��� ,�� �i=x ,y� varies
uch more slowly with � than �ij

�0���� ,�� varies with ��
see Fig. 2).

The spectral density S�0��� ,��, the spectral degree of co-
erence ��0���1 ,�2 ,��, and the spectral degree of polariza-
ion P�0��� ,�� of an electromagnetic beam are given by the
ormulas9

S�0���,�� = Tr WJ �0���,�,��, �2.4�

��0���1,�2,�� =
Tr WJ �0���1,�2,��

�S�0���1,���S�0���2,��
, �2.5�

P�0���,�� = �1 −
4 Det WJ �0���,�,��

�Tr WJ �0���,�,��	2
, �2.6�

here Tr denotes the trace and Det the determinant. For
quasi-homogeneous electromagnetic source whose cross-

pectral density matrix WJ �0���1 ,�2 ,�� is given by Eq. (2.3)
xpressions (2.4)–(2.6) become

S�0���,�� = S�0���,�� + S�0���,��, �2.7�
x y
��0���1,�2,�� =
Sx

�0�
„��1 + �2�/2,�…�xx

�0���2 − �1,�� + Sy
�0�
„��1 + �2�/2,�…�yy

�0���2 − �1,��

S�0����1 + �2�/2,��
, �2.8�

P�0���,�� =
��Sx

�0���,�� − Sy
�0���,��	2 + 4Sx

�0���,��Sy
�0���,��
�xy

�0��0,��
2

S�0���,��
. �2.9�
Formula (2.7) holds generally; for a QH source,
�0��� ,�� is a slow function of �. The Stokes parameters,
hich are useful for characterizing the state of polariza-
ion of an electromagnetic field, may be expressed in
erms of the elements of the cross-spectral density matrix
y the formulas (cf. Ref. 13, Sec. 10.9.3)
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S0
�0���,�� = Wxx

�0���,�,�� + Wyy
�0���,�,��, �2.10a�

S1
�0���,�� = Wxx

�0���,�,�� − Wyy
�0���,�,��, �2.10b�

S2
�0���,�� = 2 Re�Wxy

�0���,�,���, �2.10c�

S3
�0���,�� = 2 Im�Wxy

�0���,�,��	, �2.10d�

e and Im denoting the real and the imaginary parts, re-
pectively. It will be useful to normalize the Stokes pa-
ameters by setting14

si
�0���,�� = Si

�0���,��/S0
�0���,�� �i = 1,2,3�. �2.11�

he normalized Stokes parameters si
�0��� ,�� (i=1, 2, 3) as-

ociated with the QH source characterized by Eqs. (2.3)
re readily shown to be given by the formulas

1
�0���,�� =

Sx
�0���,�� − Sy

�0���,��

Sx
�0���,�� + Sy

�0���,��
, �2.12a�

2
�0���,�� =

2�Sx
�0���,���Sy

�0���,��Re��xy
�0���,�,��	

Sx
�0���,�� + Sy

�0���,��
, �2.12b�

3
�0���,�� =

2�Sx
�0���,���Sy

�0���,��Im��xy
�0���,�,��	

Sx
�0���,�� + Sy

�0���,��
. �2.12c�

We will consider only sources for which the normalized
pectral Stokes parameters are independent of �. The
pectral degree of polarization and the spectral polariza-
ion ellipse associated with the polarized portion of the
eam will then be the same at every point of the source.
e will call such sources uniformly polarized. In Appen-

ix A we show that the source is uniformly polarized at
requency � if and only if the spectral densities Sx

�0��� ,��
nd Sy

�0��� ,�� are proportional to each other, i.e., if and
nly if15

Sy
�0���,�� = ����Sx

�0���,�� �2.13a�

nd if, in addition, the correlation coefficient �xy
�0��� ,� ,��

s independent of position, i.e.,

�xy
�0���,�,�� � �xy

�0����. �2.13b�

It follows from Eqs. (2.4), (2.13a), and (2.13b) that

Sx
�0���,�� =

1

1 + ����
S�0���,��,

Sy
�0���,�� =

����

1 + ����
S�0���,��. �2.14�

n substituting from Eqs. (2.14) into Eq. (2.3) we find
hat the elements of the cross-spectral density matrix of
he source that satisfy conditions (2.13a) and (2.13b) are
iven by

Wij
�0���1,�2,�� = �ij���S�0����1 + �2�/2,���ij

�0���2 − �1,��,

�2.15�

here the coefficients � ��� are
ij
�ij��� =�
1

1 + ����
when i = j = x

�����

1 + ����
when i � j

����

1 + ����
when i = j = y


 . �2.16�

he spectral degree of coherence of the source is then
iven by the expression

��0���1,�2,�� = �xx����xx
�0���2 − �1,�� + �yy����yy

�0���2 − �1,��.

�2.17�

xpressions for the normalized Stokes parameters of the
ource are derived in Appendix A.

. THE SPECTRAL DENSITY AND THE
PECTRAL DEGREE OF COHERENCE OF
HE FAR FIELD. TWO RECIPROCITY
ELATIONS

t can be shown by a straightforward analogy of the argu-
ent used in deriving Eqs. (5.3-4) and (5.3-5) of Ref. 1

hat the elements of the cross-spectral density matrix of
he electric field in the far-zone are given by the expres-
ions (see Fig. 1)

ij
����r1s1,r2s2,�� = �2�k�2cos 	1 cos 	2

�W̃ij
�0��− ks1�,ks2�,��

exp�ik�r2 − r1�	

r1r2
,

�3.1�
here

W̃ij
�0��f1,f2,�� =

1

�2��4 ��Wij
�0���1,�2,��exp�− i�f1 · �1

+ f2 · �2�	d2
1d2
2 �3.2�

s the four-dimensional spatial Fourier transform of

ij
�0���1 ,�2 ,��. In Eq. (3.1), s1 and s2 are unit vectors

long r1 and r2 and s1� and s2� are the projections, con-
idered as four-dimensional vectors, of the unit vectors s1
nd s2 onto the source plane. Each integration in Eq. (3.2)
xtends over the source.

On substituting from Eq. (2.15) into Eq. (3.2) we obtain
or the Fourier transforms of the elements of the cross-
pectral density matrix of a uniformly polarized QH
ource the expressions

W̃ij
�0��f1,f2,��

=
�ij���

�2��4 �� S�0����1 + �2�/2,��

��ij
�0���2 − �1,��exp�− i�f1 · �1

+ f2 · �2�	d2
1d2
2

= �ij���S̃�0��f1 + f2,���̃ij
�0���f2 − f1�/2,��

�i = x,y; j = x,y�, �3.3�
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here �ij��� are the coefficients defined in Eq. (2.16) and

S̃�0��f,�� =
1

�2��2 � S�0���,��exp�− if · �	d2
, �3.4�

�̃ij
�0��f,�� =

1

�2��2 � �ij
�0���,��exp�− if · ��d2
. �3.5�

ormula (3.3) is derived in Appendix B.
On substituting from Eq. (3.3) into Eq. (3.1) we obtain

or the elements of the cross-spectral density matrix in
he far zone the expressions

ij
����r1s1,r2s2,��

= �2�k�2cos 	1 cos 	2�ij���

� S̃�0��k�s2� − s1��,��

��̃ij
�0��k�s2� + s1��/2,��

exp�ik�r2 − r1�	

r1r2
.

�3.6�

The spectral density S����rs ,�� of the far field is given
y the expression

S����rs,�� � Tr WJ ����rs,rs,�� = �2�k�2cos2 	S̃�0��0,��

���xx����̃xx
�0��ks�,�� + �yy����̃yy

�0��ks�,��	
1

r2 ,

�3.7�

here 	 is the angle that the unit vector s makes with the
p
Q
o
a
a
f
d

t

ositive z axis. We also have, on taking the Fourier trans-
orm of Eq. (2.17), that

�̃�0��ks�,�� = �xx����̃xx
�0��ks�,�� + �yy����̃yy

�0��ks�,��.

�3.8�

n substituting from Eq. (3.8) into Eq. (3.7) we obtain for
he spectral density of the electric field in the far zone the
xpression

S����rs,�� = �2�k�2cos2 	S̃�0��0,���̃�0��ks�,��
1

r2 . �3.9�

quation (3.9) expresses a reciprocity relation that holds
or beams generated by a planar, secondary, uniformly po-
arized electromagnetic QH source, namely, the spectral
ensity of the far field is proportional to the product of the
ourier transform of the spectral degree of coherence of the
eld across the source and of cos2 	 /r2.
Next we consider the spectral degree of coherence of

he far field at points r1=r1s1 and r2=r2s2, viz.,

�����r1s1,r2s1,��

=
Tr WJ ����r1s1,r2s2,��

�Tr WJ ����r1s1,r1s1,���Tr WJ ����r2s2,r2s2,��
.

�3.10�

ith the help of Eq. (3.6) one finds that
�����r1s1,r2s2,�� =
�xx����̃xx

�0�
„k�s2� + s1��/2,�� + �yy����̃yy

�0�
„k�s2� + s1��/2,�…

��xx����̃xx
�0��ks1�,�� + �yy����̃yy

�0��ks1�,����xx����̃xx
�0��ks2�,�� + �yy����̃yy

�0��ks2�,��

�
S̃�0�

„k�s2� − s1��,�…

S̃�0��0,��
exp�ik�r2 − r1�	. �3.11�
he assumption that the correlation coefficients

ii
�0���� ,�� �i=x ,y� are “fast” functions of �� across the
ource implies that their Fourier transforms �̃ii

�0��f� ,�� are
slow” functions of f�. We can, therefore, make the ap-
roximations

�̃xx
�0��ks1�,�� � �̃xx

�0��ks2�,�� � �̃xx
�0�
„k�s2� + s1��/2,�…,

�3.12a�

�̃yy
�0��ks1�,�� � �̃yy

�0��ks2�,�� � �̃yy
�0�
„k�s2� + s1��/2,�…,

�3.12b�

nd it follows that the first factor in Eq. (3.11) can be ap-
roximated by unity. We then obtain for the complex de-
ree of coherence ���� of the far field the formula
�����r1s1,r2s2,�� =
S̃�0�

„k�s2� − s1��,�…

S̃�0��0,��
exp�ik�r2 − r1�	.

�3.13�

This formula expresses another reciprocity relation
ertaining to radiation from uniformly polarized planar
H electromagnetic sources, namely, the spectral degree
f coherence �����r1s1 ,r2s2 ,�� of the far field generated by
n electromagnetic, uniformly polarized, QH source is,
part from the phase factor k�r2−r1�, proportional to the
our-dimensional spatial Fourier transform of the spectral
ensity of the electric field in the source plane.16

We can summarize this part of the analysis by saying
hat we have shown that the two reciprocity relations as-
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ociated with beams produced by scalar planar QH
ources (Ref. 1, Sec. 5.3.2) have analogs for beams gener-
ted by planar uniformly polarized QH electromagnetic
ources.

. POLARIZATION PROPERTIES OF THE
AR FIELD
he full description of the polarization properties of a ran-
om electromagnetic beam at some point r requires the
pecification of the beam’s degree of polarization and of
he state of polarization of its polarized portion.

The spectral degree of polarization of a random electro-
agnetic beam at a point r=rs in the far zone is given by
he expression g

5
B
W
s
s
p
b
c
G
t
t
s
M

s
d
d
G

H
b
a
d

P����rs,�� =�1 −
4 Det WJ ����rs,rs,��

�Tr WJ ����rs,rs,��	2
, �4.1a�

r, more explicitly, by the expression

P����rs,��

=
��Wxx

����rs,rs,�� − Wyy
����rs,rs,��	2 + 4
Wxy

����rs,rs,��
2

Wxx
����rs,rs,�� + Wyy

����rs,rs,��
.

�4.1b�

n substituting into Eq. (4.1b) from Eq. (3.6) for the ele-
ents of the matrix WJ ��� of the far field generated by a

niformly polarized electromagnetic QH source evaluated
t a point r1s1=r2s2�rs, one finds that the spectral de-

ree of polarization of the far field is given by the formula
P����rs,�� =
���xx����̃xx

�0��ks�,�� − �yy����̃yy
�0��ks�,��	2 + 4��xy����̃xy

�0��ks�,��	2

�xx����̃xx
�0��ks�,�� + �yy����̃yy

�0��ks�,��
. �4.2�

sing definition (2.16), formula (4.2) may be rewritten in the form

P����rs,�� =
���̃xx

�0��ks�,�� − �����̃yy
�0��ks�,��	2 + 4������̃xy

�0��ks�,��	2

�̃xx
�0��ks�,�� + �����̃yy

�0��ks�,��
. �4.3�
his formula expresses the spectral degree of polarization
f the far field generated by a uniformly polarized planar
H electromagnetic source in terms of the four-
imensional spatial Fourier transforms of the correlation
oefficients �ij

�0���� ,�� of the electric field in the source
lane and the factor ����, defined by Eq. (2.13a).
The normalized Stokes parameters of the far field

i
��� (i=1,2,3) are related to the elements of the cross-
pectral density matrix WJ ��� in the same way as in the
ource plane. For uniformly polarized QH sources, appli-
ation of Eqs. (2.16) and (3.6) leads to the far-field normal-
zed Stokes parameters as18

s1
����rs,�� =

�̃xx
�0��ks�,�� − �����̃yy

�0��ks�,��

�̃xx
�0��ks�,�� + �����̃yy

�0��ks�,��
, �4.4a�

s2
����rs,�� =

2�����Re��̃xy
�0��ks�,��	

�̃xx
�0��ks�,�� + �����̃yy

�0��ks�,��
, �4.4b�

s3
����rs,�� =

2�����Im��̃xy
�0��ks�,��	

�̃xx
�0��ks�,�� + �����̃yy

�0��ks�,��
. �4.4c�

To summarize, formulas (4.3) and (4.4) express the
pectral degree of polarization and the normalized spec-
ral Stokes parameters of the far field generated by a pla-
ar uniformly polarized QH source in terms of the Fourier
ransforms �̃xx

�0�, �̃yy
�0�, and �̃xy

�0� of the correlation coeffi-
ients of the field components in the source plane and in
erms of the ratio ���� of the spectral densities Sx

�0��� ,��
nd Sy

�0��� ,�� of the components of the electric vector in
hat plane [Eq. (2.13a)].
. EXAMPLE: THE FAR FIELD GENERATED
Y A MODEL SOURCE
e will illustrate our main results by determining the

pectral density, the spectral degree of coherence, the
pectral degree of polarization, and the normalized Stokes
arameters of the far field produced by sources generated
y a technique described in Ref. 19 (see also Ref. 20). Ac-
ording to that technique, the so-called electromagnetic
aussian Schell-model source can be synthesized from

wo coherent, linearly polarized plane waves transmitted
hrough two mutually correlated phase-only liquid-crystal
patial light modulators (SLMs), placed in the arms of a
ach–Zehnder interferometer.
It was shown in Ref. 19 that the elements of the cross-

pectral density matrix of the field generated by such a
evice has the form of our Eq. (2.15), with the spectral
ensity S�0� and the correlation coefficients �ij

�0� being
aussian functions, viz.,

S�0���,�� =
A���

2
exp�−


2

2�2���� �j = x,y�, �5.1�

�ij
�0���2 − �1,�� = Bij���exp�−


�2 − �1
2

2�ij
2��� �

�i = x,y; j = x,y�. �5.2�

ere the coefficients Bij��� are, in general, complex num-
ers. Since in this example the variances �x��� and �y���
re the same, we denoted each of them by ����. This con-
ition ensures that the source is uniformly polarized.21
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There are various constraints on the parameters enter-
ng expressions (5.1) and (5.2). First, the general proper-
ies (e.g., nonnegative definiteness) of the cross-spectral
ensity matrix of the field in the source plane impose cer-
ain conditions on the parameters of the source. The con-
itions have been derived in Ref. 22 for electromagnetic
aussian Schell-model sources. In addition, in order to
nsure that the field produced by such a source is beam-
ike, the following conditions must be satisfied (see Ref.
3):

1

4�2���
+

1

�xx
2 ���



c2

2�2 =
2�2

�2 ,

1

4�2���
+

1

�yy
2 ���



c2

2�2 =
2�2

�2 . �5.3�

rom now on we will omit the explicit dependence of all
he parameters on the frequency. In order that the elec-
romagnetic Gaussian Schell-model source generated by
eans of the system of the SLMs will be quasi-

omogeneous,

� � �ij �i = x,y, j = x,y�. �5.4�

To determine the behavior of the far field, we evaluate
rst the four-dimensional Fourier transform of the spec-
ral density (5.1) and of the correlation coefficients (5.2).
ne readily finds that
s
s
p
w
t
[
B
=
c
o
f
w

g
h
c
W
s
d
t
t
(
fi
s
e

S̃�0��f,�� =
A�2

4�
exp�−

�2

2
f 2� , �5.5�

�̃ij
�0��f�,�� =

�ij
2

2�
Bij exp�−

�ij
2

2
f�2� . �5.6�

On substituting from Eqs. (5.5) and (5.6) into Eq. (3.7)
e obtain the following expression for the spectral density
f far field:

S����rs,�� =
Ak2�2

2r2�1 + �	
��xx

2 exp�− �xx
2 k2	2/2�

+ ��yy
2 exp�− �yy

2 k2	2/2�	. �5.7�

s before, 	, the angle that the vector r=rs makes with
he z axis, is assumed to be small, so that cos 	�1, 
s�
2
sin2 	�	2.24

On substituting from Eq. (5.5) into formula (3.13) we
btain for the spectral degree of coherence of the far field
he expression

�����r1s1,r2s2,�� = exp�− �2k2
s2� − s1�
2/2	exp�ik�r2 − r1�	.

�5.8�

rom Eqs. (5.6) and (4.3) we readily obtain the following
xpression for the spectral degree of polarization of the
ar field:
P����rs,�� =
���xx

2 exp�− �xx
2 k2	2/2� − ��yy

2 exp�− �yy
2 k2	2/2�	2 + 4��xy

4 
Bxy
2 exp�− �xy
2 k2	2�

�xx
2 exp�− �xx

2 k2	2/2� + ��yy
2 exp�− �yy

2 k2	2/2�
. �5.9�
Finally, it follows from Eqs. (4.4) and (5.6) that the nor-
alized spectral Stokes parameters of the far field gener-

ted by a planar electromagnetic Gaussian Schell-model
ource are given by the expressions

s1
����rs,�� =

�xx
2 exp�− �xx

2 k2	2/2� − ��yy
2 exp�− �yy

2 k2	2/2�

�xx
2 exp�− �xx

2 k2	2/2� + ��yy
2 exp�− �yy

2 k2	2/2�
,

�5.10a�

s2
����rs,�� =

2���xy
2 
Bxy
cos �xy exp�− �xy

2 k2	2/2�

�xx
2 exp�− �xx

2 k2	2/2� + ��yy
2 exp�− �yy

2 k2	2/2�
,

�5.10b�

s3
����rs,�� =

2���xy
2 
Bxy
sin �xy exp�− �xy

2 k2	2/2�

�xx
2 exp�− �xx

2 k2	2/2� + ��yy
2 exp�− �yy

2 k2	2/2�
,

�5.10c�

here �xy is the phase of the coefficient Bxy [see Eq. (5.2)].
Figures 3–5 show the behavior of the spectral density,

ormalized by its axial value, of the spectral degree of po-
arization and of the normalized Stokes parameters of the
lectric field in the far zone, generated by a uniformly po-
arized QH electromagnetic source, specified by Eqs. (5.1)
nd (5.2).
In Figs. 3 and 4 the off-diagonal elements of the cross-
pectral density matrix are both zero, i.e., Bxy=Byx=0. We
ee that although the source is unpolarized, the far field is
artially polarized and the degree of polarization varies
ith the angle 	 and also with the difference �xx−�yy be-

ween the rms widths of the source correlation coefficients
see Eq. (5.2)]. One can show from Eq. (5.9) that when

xy=Byx=0, then P����rs ,��= 
s1
����rs ,��
, while s2

����rs ,��
s3

����rs ,���0. Figure 3 pertains to the case for which
hanges of the degree of polarization in the far zone occur
nly near the beam edge, while Fig. 4 illustrates the case
or which changes in the degree of polarization occur
ithin the beam cross section.
Figure 5 illustrates the far-zone properties of a field

enerated by a planar, uniformly polarized, quasi-
omogeneous Gaussian Schell-model source, which is
haracterized by a cross-spectral density matrix
J ����rs ,rs ,�� whose off-diagonal elements are not neces-
arily zero. Unlike sources with “diagonal” cross-spectral
ensity matrices (Figs. 3 and 4), the field generated by
his source cannot be treated as a superposition of two or-
hogonally polarized scalar fields. It is evident from Eqs.
5.9) and (5.10) that the state of polarization of the far
eld generated by a QH source represented by a cross-
pectral density matrix with nonvanishing offdiagonal el-
ments has nontrivial dependence on angle 	.
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The spectral density and the polarization properties of
he far field generated by a uniformly polarized QH
ource, characterized by Eq. (5.1)–(5.4), possess rotational
ymmetry. Figure 6 illustrates this property for the case
epresented in Fig. 5. The black-to-white (gray-scale)
ackground in this diagram corresponds to the values of
he spectral density of the far field (normalized by its
xial value) in the range from 0 to 1. The black ellipses
uperimposed on this background represent the spectral
olarization ellipses of the fully polarized portion of the
ar field. The parameters of each of the spectral polariza-
ion ellipses can be readily calculated from the Stokes pa-
ameters [see Eq. (5.10)] with the help of well-known re-
ations (see Ref. 13, Sec. 10.9.3, see also Ref. 25).

ig. 3. The spectral density S�rs ,�� and the spectral degree o
olarized beam through a system of spatial light modulators th
1 mm, Bxy=0, �xx=0.1 mm, �yy=0.5 mm, �=0.6328 �m. The spe

Fig. 4. The curves represent the same quantit
PPENDIX A: NECESSARY AND
UFFICIENT CONDITIONS FOR A
NIFORMLY POLARIZED PLANAR QH
OURCE
e will show that a QH source is uniformly polarized at

requency � if and only if the spectral densities Sx
�0��� ,��

nd Sy
�0��� ,�� are proportional to each other, i.e., if

Sy
�0���,�� = ����Sx

�0���,�� �A1a�

nd if, in addition, the correlation coefficient �xy
�0��� ,� ,��

s independent of position, i.e., if

ization of the far field generated by transmission of a linearly
duces a uniformly polarized QH field with parameters �=1, �
ensity is normalized by its on-axis value.

in Fig. 3, but the value of parameter � is 0.05.
f polar
at pro
ctral d
ies as
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�xy
�0���,�,�� � �xy

�0����. �A1b�

First, if conditions (A1a) and (A1b) hold, then one finds,
ith the help of the Eqs. (2.10), that the normalized
tokes parameters, given by the expressions

s1
�0���� =

1 − ����

1 + ����
, �A2a�

s2
�0���� =

2�����Re��xy
�0����	

1 + ����
, �A2b�

ig. 5. (a) The degree of ploarization P�rs ,�� and the spectral d
=0.44, �=1 mm, Bxy=0.525, �xx=0.15 mm, �yy=0.25 mm, �xy=0.3

ar field generated by the same source as in (a).
s3
�0���� =

2�����Im��xy
�0����	

1 + ����
, �A2c�

re independent of position. Hence, such a source is uni-
ormly polarized.

Conversely, suppose that the state of polarization is
niform across the source. The normalized Stokes param-
ters, given by the formulas (2.12), are then independent
f �, say,

si
�0���,�� � si

�0���� �i = 1, 2, 3� �A3�

S�rs ,�� of the far field generated by the source with parameters
�=0.6328 �m, �xy=� /6. (b) Normalized Stokes parameters of the
ensity
mm,
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quations Eqs. (2.12) and (A3) then imply that

Sx
�0���,��

Sy
�0���,��

=
1 + s1

�0����

1 − s1
�0����

� ����, �A4�

nd that

Re��xy
�0���,�,��	 =

s2
�0����

�1 − �s1
�0����	2

, �A5a�

Im��xy
�0���,�,��	 =

s3
�0����

�1 − �s1
�0����	2

. �A5b�

rom Eq. (A4) it follows that the spectra Sx
�0� and Sy

�0� are
roportional to each other, and from Eqs. (A5) it follows
hat the correlation coefficient �xy

�0���1 ,�2 ,��, evaluated for
1=�2��, is independent of �. Formulas (A4) and (A5)
lso show how the ratio Sx

�0��� ,�� /Sy
�0��� ,�� of the spectra

nd the correlation coefficient �xy
�0��� ,� ,�� can be deter-

ined from the knowledge of the normalized Stokes pa-
ameters.

ig. 6. Illustration of rotational symmetry of the spectral densit
ig. 5(a), plotted as functions of polar angle 	 in the interval −3�
orresponds to the normalized values between 0 and 1 of the spe
uperimposed on this background are the spectral polarization e
hosen to be located along the two mutually orthogonal directions
n the values 1, 0.85, 0.6, 0.4, 0.25, and 0.1.
PPENDIX B: DERIVATION OF EQ. (3.3)
n this appendix we will evaluate the four-dimensional
ourier transform of the cross-spectral density matrix in

he source plane, viz.,

W̃ij
�0��f1,f2,�� =

1

�2��4 ��Wij
�0���1,�2,��exp�− i�f1 · 
1

+ f2 · 
2�	d2
1d2
2 �i = x,y, j = x,y�,

�B1�

here

Wij
�0���1,�2,�� = �ij���S�0�

„��1 + �2�/2,�…�ij
�0���2 − �1,��.

�B2�

Introducing the variables

�� = �2 − �1, �̄ = ��1 + �2�/2, �B3�

e can express formula (B1) in the form

f polarization of the far field generated by the same source as in
ad�	�3�10−3 rad. The black-to-white (gray-scale) background
ensity of the far field, normalized by its axial value. The ellipses

of the fully polarized portion of the far field. Their centers are
ts where the spectral density normalized by its axial value takes
y and o
10−3 r

ctral d
llipses
at poin
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W̃ij
�0��f1,f2,�� =

�ij���

�2��4 �� S�0���̄,���ij
�0����,��exp�− i�f1 · ��̄ − ��/2� + f2 · „�̄ + ��/2�…	d2�̄d2��
�

=
�ij���

�2��4 �� S�0���̄,���ij
�0����,��exp�− i��̄ · �f1 + f2� + �� · �f2 − f1�/2�	d2�̄d2��
�

=
�ij���

�2��2 � S�0���̄,��exp�− i�̄ · �f1 + f2�	d2�̄
1

�2��2 � �ij
�0����,��exp�− i�� · �f2 − f1�/2	d2����

= �ij���S̃�0��f1 + f2,���̃ij
�0�
„�f2 − f1�/2,�…. �B4�
1

1

1

1

1

1

1

2

2

2

2

2

2

his formula is analogous to the corresponding expres-
ion that pertains to the scalar case [see Eq. (5.3-19) in
ef. 1].
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